arXiv: 1507.01104vl [math.CA] 4Jul2015 


CROSS-PRODUCT OF BESSEL FUNCTIONS: MONOTONICITY PATTERNS AND FUNCTIONAL 

INEQUALITIES* * 


ARP AD BARICZ, SAMINATHAN PONNUSAMY, AND SANJEEV SINGH 


Abstract. In this paper we study the Dini functions and the cross-product of Bessel functions. Moreover, we are 
interested on the monotonicity patterns for the cross-product of Bessel and modified Bessel functions. In addition, we 
deduce Redheffer-type inequalities, and the interlacing property of the zeros of Dini functions and the cross-product of 
Bessel and modified Bessel functions. Bounds for logarithmic derivatives of these functions are also derived. The key 
tools in our proofs are some recently developed infinite product representations for Dini functions and cross-product of 
Bessel functions. 


1. Introduction and preliminaries 


Bessel and modified Bessel functions of the first kind play an important role in the theory of special functions 
because they are useful in many problems of applied mathematics. These functions have been studied by many 
researchers, and their study goes back to famous scientists like Bessel, Euler, Fourier, and others. Motivated by 
their appearance as eigenvalues in the clamped plate problem for the ball, Ashbaugh and Benguria have conjectured 
that the positive zeros of the cross-product of Bessel and modified Bessel functions of first kind, defined by 

Wv{z) = Jv{z)l'y{z) - J'y{z)Iv{z) = Jv+\{z)Iv{z) + Jv{z)Iv+l{z), 

where Jy and ly stand for the Bessel and modified Bessel functions of the first kind, increase with v on 
Lorch ifTTl verified this conjecture and presented some other properties of the zeros of the above cross-product of 
Bessel and modified Bessel functions. See also the paper |[3] of Ashbaugh and Benguria for more details. Recently, 
the authors of |[T] pointed out that actually the above monotonicity property is valid on (— 1, oo) and proved that for 
V > — 1 and z £ C the power series representation 


( 1 . 1 ) 


Wy{z)=2Y^ 

rt >0 


z ^2v+4n+l 


n!r(v-|-n-|- l)r(v-|-2n-|-2) 


and the infinite product representation 

(1.2) Wy{z)=2^\-^^-^T{v + l)T{v + 2)Wy{z) = O 

n>\ V Tv.nJ 

are valid, see m for more details. In this paper we would like to continue the study of the properties of the cross- 
product of Bessel and modified Bessel functions of the first kind by showing a series of new results. We also 
consider another special combination of Bessel functions, namely, the so called Dini functions dy : C ^ C, defined 
by 

dy{z) = {I-v)Jy (z) -h zJy (z) = Jy (z) - zJy+i{z ), 

and the modified Dini function ^ C —C, defined by 


^v{z) =i ^iiv(iz) = il-v)lv{z)+zlyiz)=ly{z)+zly+iiz). 


For V > — 1 and z £ C, the Weierstrassian factorization of Dini functions is 13 

(1.3) S>y{z) = 2 ''r(v + l)z-Vv(z) = n f 1 - 

n>\ \ ^V,nJ 
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and the Weierstrassian factorization of modified Dini function is 0 


(1.4) 


Xv{x) =2''T{v+\)x '^^y{x) = Y\ 


n>\ 



The paper is organized as follows: the next section contains the main results on the cross-product of Bessel func¬ 
tions, Dini functions and their zeros. Section 3 is devoted for the proofs of the main results. In our proofs we 
use a series of methods: Mittag-Leffler expansions, Laguerre separation theorem, Laguerre inequality for entire 
functions, differential equation for the Dini function, monotone form of L’Hospital’s rule, and representations of 


logarithmic derivatives of Dini functions and cross-product of Bessel functions via the spectral zeta functions of 
the zeros of the above functions. 


2. Main results 


2.1. Monotonicity properties. Our first set of results are some monotonicity and concavity properties of cross- 
product of Bessel and modified Bessel functions of first kind. 

Theorem 1. Letv> - I and define S = S\VJS 2 , where 5i = U«>i[-7v,2«,-7v,2«-i], S 2 = Un>i [7v,2n-i, 7v,2«] and 
7v denotes the nth positive zero of the function Wy. Then the following assertions hold true: 

a. The function x 1 —>■ ’Wyix) is negative on S and it is strictly positive on R\5; 

b. The function x 1 —>■ Wv{x) is strictly increasing on (—7v,i ,0] and strictly decreasing on [0,7v,i); 

c. The function x 1 —>■ Wy ( 2 c) is strictly log-concave on R \ 5 and strictly geometrically concave on (0, °°) \ S 2 ', 

d. The function x 1 —>■ Wy{x) is strictly log-concave on (0,°°) \S 2 f 0 r ally >—j\ 

e. The function V 1 — >■ Wy (x) is increasing on (— 1, °°)for all xG (—7v,i, 7v,i) and the function V 1 — >■ xWy (x) jWy (x) 
is increasing on (— 1 , 00 ) for all x G R; 

f. The function X ^ (—log#v(-^)) and the function x ^ \/Wy{f/x) are absolutely monotonic on (0,7^[) 
for all V > —1. 

2.2. Interlacing of positive real zeros of Bessel and related functions. Let us recall Dixon’s theorem lISTl p.480] 
which states that, when v > — 1 and a,b,c,d are constants such that ad 7 ^ be, then the positive zeros of x 1 — 
aJy (x) -f bxJ'y (x) are interlaced with those of x 1 —>■ cJy (x) -f dxJy (x). Therefore if we choose a = l — V,b = c= l 
and d — 0 then for v > — 1 we have, 

(2.1) < «v.n < jv,n, where n G N, 

with the convention that y'v.o = 0- Here jy n stands for the nth positive zero of the Bessel function Jy. In HI, among 
other things, the following interlacing inequality has been proved for v > — 1 , 

(2.2) ;v,« < 7v.« < ;v,n+i, where n G N. 

Taking into account the above two interlacing inequalities, it is natural to ask whether the zeros of Dini functions 
and of the cross-product of Bessel functions satisfy some interlacing property. The next theorem will answer this 
question. 

Theorem 2. For v > —1, the zeros of Dini functions and of the cross-product of Bessel functions are interlacing, 
that is, they satisfy the following interlacing inequality 

(2.3) av,« < 7v,n < Cty.n+G where n G N. 

Thus, combining the inequalities (12. 11 1. (12.21 and (12.31 we have the following: 


«v,n < iv,n < 7v,n < OJy.n+l < jy,n+l, where « G N. 

As an immediate consequence of the above interlacing properties we have the following upper and lower bounds 
for the cross-product of Bessel functions and consequently we can get bounds for ratio of modified Bessel and 


Bessel functions of first kind. 


Corollary 1. Ifv>—1, then the following inequalities hold: 


(2.4) 



'y.l 



(2.5) 
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and 


( 2 . 6 ) 


/v (x) 

eW+i) < -1^ < 




Jv{x) 



The reverse inequalities in (EJ) holds for —jv,i < 3i: < 0. 


for 0<x< jv,i. 


In view of the inequality av,n < iv,n where n G N, we observe that the left-hand side inequality of (I2.51 l is better 
than the left-hand side inequality of (I2.41 i while the right-hand side inequality of (I2.41 i is better than the right-hand 
side inequality of (12.5b . 

Moreover, the next interlacing properties are also valid. 


Theorem 3. Ifv>—1, then the following interlacing properties are valid: 

a. The zeros of the function z f->■ ^l(z) are interlaced with those of the function z f->■ ^v{z). 

b. The zeros the function z f-> ^vis/^) interlaced with those of the function z f-> 

c. For V > 0, the zeros of the function z f-j- d'y{z) are interlaced with those of the function z f-> dy{z). 


Now, we present an identity for zeros of Dini functions and zeros of cross-product of Bessel functions which is 
analogous to the identity of Calogero for the zeros of Bessel functions of the first kind, see for more details. 


Theorem 4. Let v > — 1, k G N and Yy^. denote the kth positive zero of the function W^. Then the following 
identities are valid: 


(2.7) 


n>l,n^k ^V,n 


a,, „ - a. 


V,k 




2v-f 1- 


a;^-f2v- 1 


-2v-f 1 


a 


'V,k 


( 2 . 8 ) 

and 

(2.9) 


^4 _^4 

n>\,n^k^v,n 




2v-f3- 


«v,^-2v+l 


2a 


V.k n>l ^v,n 


a: 


2 ’ 
'v,k 


n> 1 


■'n^k r^,n - Yt,k 


47^. 


2v + 5-gI:-^ 

n>\ iV,n Ivl 


2.3. Rayleigh functions. Before we state our next result, let us define the Rayleigh functions (or spectral zeta 
functions) for the zeros of Dini function and for the zeros of cross-product of Bessel and modified Bessel functions 
by 


( 2 . 10 ) 

and 

( 2 . 11 ) 


t? 2 m(v) = £ 


1 

2m 


n>l ^V,n 


1 


C4m(v) - 52 \ 5 

n>\ /V,n 


respectively, where v > — 1 and m G N. Note that for m = 1, we have iTl 


( 2 . 12 ) 

By using the series (fO) . one gets 


m(y) = E 


n>l ^v,n 


ai 


4(v-f 1) 


4 Wy{z) ) 


i y4 _^4’ 
1 IV,n ^ 

and taking limit z^ 0 followed by dividing with z^ on each side, we obtain 

1 1 


(2.13) 


1 


16(v+l)(v + 2)(v-f3) 24(v-fl)3- 


For sake of brevity we denote (v -f l)(v 4 - 2)(v -f 3) by (v -f 1)3 using the well known Pochhammer (Appel) 
symbol defined by (a)o = 0 for a fO and 

(«)„ = a(a -I- l)(a-l-2)-- - (a-fn - 1), for n > 1. 
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In general, for any m G N, the Rayleigh function C 4 m(v) can be obtained by comparing the coefficients of z”*™ on 
both sides of (12.191) . For example, by comparing the coefficients of on both sides of (12.191) . one can get (12.131) 
and by comparing the coefficients of ^ on both sides of (12.191 ) yields 

^ “ 256(v+ l)2(v + 2)2(v + 3)2(v+4)(v + 5) ^ 28(v+ l) 3 (v + 1)5 ’ 

Alternatively, taking into account the power series (fTTT ) and infinite product representation (11.21) one can extract 
the Rayleigh function C 4 m(v) by using the Euler-Rayleigh method (see ifTdl p. 3]). Namely, let f{z) be an entire 
function with power series representation 

f{^) = 1 + L 


n> 1 


and an infinite product representation 


/(^)=n ( 1 - 


n> 1 


Zn 


where it is assumed that £ |z«| ^ < 0 °. Then the Rayleigh function 

n>l 




is given by the following formula 


m> 1 


n— 1 


— flO-n GiSfi—i- 


i=\ 


Therefore, by taking /(z) = Wv{-^), from (11.11) and (11.21) we have 

(-i)"r(v + i)r(v+2) 


24«n!r(v + « + l)r(v + 2n + 2) 


and hence Si = C4(v) = —ai, S 2 = Csl^) = ~ 2 a 2 — = — 2 a 2 + aj and so on. 

Now, we present the Euler-Rayleigh inequalities for zeros of Dini functions and cross-product of Bessel func¬ 
tions, which will be used in sequel. 


Lemma 1. Let v > — 1 and m gN. Then 
(2.15, 
and 
(2.16) 

The above inequalities can be verified easily by using the definition of 772 m (v), C 4 m(v) and the order relations 
0 < av,i < «v,2 < • • • < av,« < • ■ • and 0 < 7v,i < 7v,2 < • • • < 7v,« < • ■ ■ ■ 

An immediate consequence of the above inequality will give the lower and upper bounds for the smallest positive 
zero of the cross-product of Bessel functions. 


Theorem 5. Let v > — 1 and y^i denote the smallest positive zero of the cross-product of Bessel functions Wv{z). 
Then we have the following bounds: 


(2.17) 


24(v + l)3y/(v+4)(v + 5) ^2'^(v + 1)5 

VWTn 5V + 17 


Note that using (12.131) and (12.141) . the left-hand side of the inequality (12.17b follows from left-hand side of (12.16b 
by taking m = 2, while the right-hand side of the inequality (12.17b can be extracted from right-hand side of (12.16b 
by taking m— 1. So we omit the proof of Theorem|5] 

Observe that for m= 1, the left-hand side of (12.16b gives the inequality 

7v,i > 2 ^{v + 1 ) 3 , 

which is weaker than the left-hand side of (12.17b . 

The power series representation Q 


zdyjz) 

dv{z) 


= v-2^T72.(v)z2'« 

m>l 
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which is valid for v > —1, z G C such that |z| < ay.i, can be rewritten as 

z%{z) 


(2.18) 




where ^v{z) = 2''r(v + l)z ^dv{z). Therefore, the functionx !—>■ is absolutely monotonic on (0,0Cv,i) for 

all V > — 1. The next theorem is analogous to this result. 

Theorem 6. Let v > — 1 and z G C such that |z| < 7 v,i. Then 

zWl{z) 


(2.19) 

Moreover, the function 




X F->■ — 


XWy{x) 


is absolutely monotonic on (0,yv i) for all v > — 1. 

In addition, the next result is valid. 

Theorem 7. Let ji > v > —1. Then the functions fn^v, gii,v, hy, qy : [0,']^ i) 


(0,oo), defined by 


ffryix) — 


log 


gf5( (,1+1)3 (v+l)3)I!2i 






Wy{^)J 




hy{x) = 


log 


;|;l + 3gl6(v+l)3 

Wy(^) 


and 


are absolutely monotonic. 


qv{x) = 


+ 16(v+1)3 

Wv(^) 


Observe that the above absolutely monotonicity of qy can be used to hnd the upper bound for the cross-product 
of Bessel and modihed Bessel functions. Namely, we have the following inequality. 


3^2v-|-lg 16 (v+1)3 


Corollary 2. Ifv>— \ andx G [0,7v,i), then 

- 22 vr(v-f i)r(v+ 2 )’ 

2.4. Redheffer-type inequalities. We continue with another set of results, namely Redheffer-type inequalities. In 
the literature the inequality 

sinx 


> 


— x^ 


where x G ^ 


X -h x^ 

is known as Redheffer inequality, see US). In lO the author extended the above Redheffer type inequalities 
for the normalized Bessel functions of the hrst kind ,^v{x) = 2''r(v + \)x^''Jy{x) and the normalized modified 
Bessel function .^v{x) = 2''r(v + l)x^''/v(x). For more details about Redheffer type inequalities one can refer to 
lfT0lfmi22l and to the references therein. Recently in JS), Redheffer-type inequalities for modified Dini functions 
were studied. In this subsection, we study Redheffer type inequalities for Dini functions and cross-product of 
Bessel and modified Bessel functions. Motivated by the result from fT2\ Theorem 1], we extend and sharpen the 
Redheffer-type inequalities for modified Dini functions 111 Theorem 7]. 

Theorem 8. Let <^nd Jy^n denote the n-th positive zero of dy and Wy, respectively. The following Redheffer- 
type inequalities are valid: 

a. Ifv>—1 and'^y{n) = o:^„+i — av,iOCv,n — Ctv,nOty.n+\ > 0 for n G N, then 


( 2 . 20 ) 


_ jp. 

S>v (x) > ^ for all |x| < 5v = min \ay\, J'Vyln) I. 

j -fx^ «>i,v>-l L ’ J 
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b. S (—1,8), then 


( 2 . 21 ) 


&y{x) < 




rriy 

for all x£ (—av,l,o:v,i), 


where niy = is the best possible constant. 

c. //V > -1 and Q.v{n) = - 7v,n7v.„+i > OfornG N, then 


( 2 . 22 ) 


A ^ 

^v{x)>-A - -J for all \x\ < Ev = min |7v,i, \/£2v(n)|. 

y :,, +x^ n>i,v>-i L J 


7^,1 


d. If V € {—I,r), where r = is the positive root o/v — V^+14 = 0, then 


(2.23) 


Wy{x) < 



tty 

for allxG (-7v.i,7v,i), 


/ 

where ny = the best possible constant. 

The corresponding result for the modified Dini functions reads as follows. 

Theorem 9. Let r G (0,°°), |.x| < r, v > — 1 and Xy be the modified Dini function defined by Ol. Then the 
following Redheffer-type inequality 


(2.24) 


2 I 2 ^ “ 

r^-\-x 


< Xy{x) < 


r2+;,2\^ 


holds if and only if a <0 and j3 > 


3“v.l 

8(v+l)- 


We would like to take the opportunity to correct a mistake in the paper QO). In the final expression for (p[, (x) 
ifTOl p. 263], should be replaced by where jy i stands for the first positive zero of the Bessel function 

Jy. With this change, the following inequalities in ifTOl p. 259] may not hold true for all v > —7/8 : 


(2.25) 


^vix) < 




Pv 

for all |x| < Jv,i 


and 


(2.26) 


c/v+ijx) . ( 7v,i 

^v{x) ~\jl^i-x^ 


Yv 

for all |x| < 7v,i, 


where jiy = and 7v = 8 (v+'o’(v+ 2 ) possible constants. Nevertheless, the above inequalities are valid 

for V G (—l,Vo] and |x| < Jy i, where Vq G (1,2) is the unique root of the equation j = 8(v+ 1). Before we 
prove the above inequalities, let us recall the following IfTOl Lemma 1], which will be useful in the sequel. 

Lemma 2. Letv > —1 and y'v.i be the first positive zero of the Bessel function Jy. Then the equation j =8(v + l) 
has exactly one positive root Vq G (1,2). Moreover, 


;v,i<8(v + l) /orve(-l,Vo) 
7v,i>8(v + 1) forv>Vo. 
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Now, taking into account the above correction in the expression (py{x) [flOl we have, 


<PvW = 


> 


> 


1 

^ V 

4(v-f 1)4 ,i4^'” 

+ 4(v+1)(t4'"^2'- 

1 

2(v-f l)x;2 J 


•2m 

•^V.l 

1 


8(v+1)4,i4^'" 

1 

2m 


2(v-f l)x_/2 j 


1 

. 

1 



1 

^ y 

-1 

00 

+ 

< 1 

to 

1 

_1 

y.2m 


2{v+l)xjl^ 

+ V„4'2 

•2m—4 
JvA 




1 

^ V 

■8(v + 1)4.1-1' 

y.2m 



2(v-f l)x;2 j 

+^\k2 

•2m—4 

X , 






which in view of the Lemma |2] gives 

(Pvix) > Ofor V G (-l,Vo]. 

Here we have used the Euler-Rayleigh inequalities lITTl p, 502] 


(2.27) 


(cJp'”') 


-l/m 

< JvA < 


^(2m) 

Uy 

J2m+2) > 


which are valid for m G N and v > — 1, where 


(2m) 

■'v 


1 


-Y. :2m 
n>\ Jv,n 


is the Rayleigh function of order 2m. The rest of the proof is same as in ifTOl p. 263]. 

It is also interesting to note that for v > Vo, the following new Redheffer type inequalities hold. 

Theorem 10. Let v > Vq, where Vq G (1,2) is the unique root of the equation j = 8(v + 1). Then the following 
new Redheffer type inequalities are valid 


(2.28) 

and 


■2 2 
Jy^—X 

/(■*) < for all |x| <;v,i, 

4.1 


(2.29) 


/v+\{x) ^ ( 4,1 + -^' 


,/vW Wv,i-V 


for all |x| < jv.i- 


2.5. Bounds for logarithmic derivative of Bessel related functions. In this section we investigate the bounds 
for logarithmic derivative of Dini functions and the logarithmic derivative of cross-product of Bessel and modified 
Bessel functions. The idea of these results come from I 


Theorem 11. Let v > — 1, iJ? 2 n+ 2 (v) — I 72 n(v), n G N. Then for n G N, the following inequality holds 

true for all 0 < |x| < Cty.l, 

R 2 n{x) + j{v + l)ax^'‘+^ ^ 2(v-|-l) ^y{x) ^R 2 nix) + j{v + l)bx^''+^ 


where 


1 


1 - 


“v.i 


3«v,i 


3x ^y (x) 


2n+2 I ^ 4iv4-lV 52 \ : b — An+\ and R 2 n{x) — Ciy y + 

4.1 \ / 


4.1 


2 , 4(V+1) « 




JZm 


m=\ 


Moreover, a and b are sharp. 

Theorem 12. Let v — 1, Bfi — j ^ ^ Thcfi for fi ^ N, the followitig inccj^iiQlity holds true 

for all 0< |x| <7v,i, 

‘54n(4 + 4(v-|-l) 3 rx‘^"+"^ ^ 4 (v-|-1)3 'P'y{x) 54„(x)-I- 16(v-|-l) 3 ix"^"+‘^ 

^ ' TTm r 




i^v{x) 


4.1-^ 
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where 


1 


y4« + 4 
ivA 


1 -- 


<1 


16(v+1)3 

Moreover, r and s are sharp. 


- E ) : « = Bn+I and S4n{x) = rt,i + 16(v+ 1)3 E B„ 


J^m 


m=l 


3 . Proofs of main results 

In this section we prove our main results. 

Proof of Theorem[TJ a. By using the infinite product representation (ll.21 i and the order relation 

0 < 7v.i < 7v.2 < ••• < 7v,« < ••• , 

we note that if x S [ 7 v, 2 n-i) 7 v, 2 «] or a G [— 7 v, 2 n) ~ 7 v, 2 «-i] then the first (2n— 1) terms of the product (11.2b are nega¬ 
tive and the remaining terms are strictly positive. Therefore Wy (x) becomes negative on S. Now if x G (— 7v,i, 7v,i ) 
then each terms of the product (11.2b are strictly positive and if x G (7v,2n)7v,2«+i) orx G (—7v,2n+i5~7v,2«)^ then 
the first 2n terms are strictly negative while the remaining terms are strictly positive. Therefore 'Py (x) > 0 on R \ S. 

b. From part a, we have Wy{x) > 0 for x G (—7v,i,7v,i)- Therefore the infinite product representation (11.2b 
gives 

and hence the function x 1 — ’Wyipc) is strictly increasing on (—7v,i ,0] and strictly decreasing on [0,7v,i). 

c. By using the above equation and part a of this theorem, we have 


(loglTvW)" = 




and 


XWy{x)\ 


4x^(37^,„+x^) 

16x^7^ 


From this we conclude that the function x 1 —#v( 2 c) is strictly log-concave on R\5 and strictly geometrically 
concave on ( 0 ,oo) \ 

d. Since the function x 1 —x^''+^ is log-concave on (0, 00 ) for all v > — 5 and from part c the function x 1 —Wy (x) 
is strictly log-concave on R \ 5, we conclude that the functions 


Xl-^Wy (x) = 


v2v+1 




22vr(v-f i)r(v-f2) 

is strictly log-concave on {0,o°)\S2 for all v > — 5 . Here we used the fact that product of a log-concave function 
and a strictly log-concave function is strictly log-concave. 

e. By using again the infinite product representation (11.2b . we get 


and 


dv 

dv 


n v// ^ 4x ^(7v,n) 


XWyjx) 

Wy(x) 


16x4^ „■ 


dv 


From these expressions and the result |[T] Lemma 4]: v 1 — 7 v,„ is increasing on (—l,oo), the desired conclusion 
follows. 

f. From the infinite product representation (11.2b . we have 

(-log^v(v^))'= E 

which is absolutely monotonic on (0,7^ j) for all v > — 1. Since the exponential of a function having an abso¬ 
lutely monotonic derivative is absolutely monotonic, we conclude that the function x i— 7 > l/#v(^) is absolutely 
monotonic on ( 0 , 7 ^ j) for all v > — 1 . □ 
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Proof of Theorem|2j By using the inequalities (12.1b and (12.2b . we have 

]v,n-\ < OCv,n < Jv,n < 7v,« < 2v,n+l) 

where n € N and hence the left-hand side of the inequality (12.3b follows. To prove the right-hand side of the 
inequality (12.3b . observe that the zeros of the cross-product of Bessel functions (II.lb are the roots of the equation 

^ ^ Mz) lv{z) 

and the zeros of Dini function z i—(1 — v)7v(2) +zJ[,{z) are roots of the equation 

zJ'viz) 


(3.31) 


Jv{z) 


= v- 1 . 


Now in view of the inhnite product representations of Bessel and modihed Bessel functions of hrst kind, namely. 


2''r(v-f i)x-Vv(x) = ]^ (1-^ 


n> 1 


we obtain 


Xfyjx) 

Jv{x) 


Jv,n 


^Xjln 


and 2 ''r(v-|-l)x ''/v(x) = ]~[ ( 1 + j , 


n> 1 


-x2'l2 

n>\ \Jv,n ) 


and 


Xl'yjx) 

Iv{x) 


_ 4x_/ y 

■ 2- ( ;2 _|_r2'\2’ 

n>\ \Jv,n J 


respectively. Therefore, for v > —1 the function x i—strictly decreasing on each interval {jv,n,jv,n+i). 


n S N and the function x i—7^^ is strictly increasing on (0,°°). This implies that there exists a unique root Yv,n 
of the equation (13.30b and a unique root 0Cv,n+i of the equation (13.31b in each interval {jv,n,jv.n+\) for all n G N. 
Since the function x i—7> is strictly decreasing on each interval {jv,n,jv,n+i), n G N and we have the limit 

x/y(x) 

hm 7 / = V > V - 1, 

X —^0 ly 

we conclude that Yv,n < 0 !v,«+i for all n G N. This interlacing property is illustrated in Figure [T] for v = 2 and 
X G ( 0 , 72 . 4 ). This completes the proof. □ 



Figure 1. Interlacing of zeros of Dini functions and cross-product of Bessel functions: the 
graph of the functions x !->■ f 2 (x) = and x i->'g 2 (x) = I®’ 


Proof of CorollarylU Using (12.3b . we have for all x G (—7v,i, 7v,i) 


n 



<n 
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which on using (11.2b . (11.3b and (11.4b gives the inequality (12.4b . Similarly, by using the interlacing inequality (12.2b 
one can extract the inequality (12.5b . To prove the inequality (12.6b . observe that the inequality (12.5b can be rewritten 
as 


1 < 


(v + 1) 


/ /v+i(x) ^ /v+i(v) \ 




i4 

Jv,\ 


which in view of the formulas 


and 


Jlix) = 2''r(v+ l)(x-''/v(x))' = 2''r(v + l)x-''/v+i(x) 
/l{x) = 2''r(v + l)(x-''7v(x))' = -2''r(v + l)x-Vv+i(x), 


is equivalent to 

13 321 (V+1) / J^;(x) /l,{x) \ 

^ X \Mx) /^{x)) 

Now for X £ (0,7v.i integrating (13.32b we obtain 


i4 

< -4 4 for l-^l <jv,\, 


r _ i _ dt < r (dt < r__ dt 

Jo (v+1) Jo VA(f) J'vit)) {v + l)Jo ’ 


which implies that 




J^vix) \jli- 


This proves the inequality (12.6b . 


□ 


Proof of Theorem |3j a & b. The normalized Dini function z i— ^v{z) and the cross-product of Bessel and modi- 
hed Bessel functions z i—are entire functions of order 1 /2 and 1 /4, respectively (see fT), |[T]). Therefore 
the genus of the entire functions z i— ^v{z) and z i—#v(v^) is 0, as the genus of entire function of order p is 
[p] when p is not an integer lfT2l p. 34]. We also note that the zeros of z i—>■ ^v{z) and z i—>■ are all real 

when V > — 1. Now recall Laguerre’s theorem on separation of zeros IfT^ p. 23] which states that, if z i—/(z) is a 
non-constant entire function, which is real for real z and has only real zeros, and is of genus 0 or 1, then the zeros 
of f are also real and separated by the zeros of /. Therefore in view of Laguerre’s theorem the conclusions follow. 

c. Since for v > — 1 the function S>v belongs to Laguerre-Polya class of entire functions, it satishes the Laguerre 
inequality ll20ll 


(x) - (x) > 0. 


n 2 




(m+1) . 


Using the derivative formulas 


(3.33) 


S>y{x) = 2''r(v + l)x ^ [xdy{x) — vdv(x)] 


and 


(3.34) ^"(x) =2''r(v + l)x-''-2 [;c2^"(;c)_2vx4(x) + v(v + l)iiv(.s:)] , 


the above inequality for m = 1 is equivalent to 

22vr2(v 1 )x-2v-2 


which implies that 

{dy{x))^ — dv{x)d"(x) > ^dy{x) >0 

for V > 0 and x £ R, x ^ 0. Therefore the function x i— >■ is strictly decreasing on (0,°°) \ {0Cv,n | « £ N}. In 

view of 10 Lemma 2.2], all zeros of dv{x) are real and simple and hence d'y{x) 7^ 0 at x = av,«, n £ N. Thus, for 
a hxed n £ N, we have the limit lim^x „ , = °° and limv^a,, Since the function x 1—>■ is 

strictly decreasing on (0,oo) \ {ctv.H | n £ N} it follows that in each interval (cty.n-i, Oiv.n) there exists a unique zero 
a'y „ of dy{x). Here we used the convention that ay.O =0. □ 
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Proof of Theorem|4j From the infinite product representations (11.21) . (11.31) and (11.4b it is easy to verify that for all 
V > — 1, the functions Wy, and Xy satisfy the following identities (in other words, Mittag-Leffler expansions) 


(3.35) 

(3.36) 

and 

(3.37) 


^v{x) 

%{x) 

A'(x) 


—4x^ 


n>l 7v,n X 

—2x 


.4’ 


„>1 ^v,« 


OC,, „ X' 


.2 ’ 


2 x 


^v(x) 

In view of the above logarithmic derivative (13.36b of Dini functions Q)y, we obtain that 


0 , = 


- ocv „ - at 


-lim 

'^ay 


= lim 

X —^ 

v2 


1 ^'y{x) 

2X ^y (x) 


^y(x)(a^^^ —x^) + 2 x^v(x) 


^v(x)(a2^-x2) 

Now, by applying the Bernoulli-L’Hospital rule twice and using the derivative formulas (13.33b and (13.34b we have 


0 , = — 


lim 


<(x) ( 2 v + l) 


40Cv,Ar 

Using the differential equation ifTSl p. 13] 

x^{x^ — 2 v+ l)^fy(x) — x(x^ -|- 2 v— l)d'y{x) — [{x^ — v^)(x^ — 2 v-|- 1 ) + 2(1 — v)x 2 ] dy{x) = 0 , 
satisfied by the Dini function dy, we obtain 

d'iix) 


(3.38) 
and hence 


lim 


«vi + 2v-l 


=^-^av,kd'y{x) av.i:(«v,Ar-2V+l)’ 


01 =- 


1 


4av,ir 

Therefore the relation (12.7b is indeed true. 


«v.i + 2v-l 


2 v+l 


«v,tr(«vi“2v+l) av.i: 


To prove the identity (12.8b . we appeal to the formulas (13.36b and (13.37b to obtain 


02 = 


1 


- at at 


1 a; (av.i) 


= lim 

X — 


— lim 


%{x) A(,(x 

4X2 

(x) 4x2 \ 


y4 


Aal ^ Av(av,i) 4x2 1 

1 

4a2, 


a: 


v,k 


— 


2 a 


'V.k 


\.k n> 1 ^v,n X- y^y k 

Now, by applying again the Bernoulli-L’Hospital rule twice and using the derivative formulas (13.33b and (13.34b we 
obtain 


at 


1 

— 5 — lim 
4a^ ^ 


V (x) [a^ k - x"^) + 4x2^v (x) 
^v(x)(a4 -x4) 


02 = - 


1 


1 


2a, 


v.k n>\ ^v,n 


a. 


'v,k 


—^ lim 
4av k 


1 <(x) (2v + 3) 


2 dy (x) 2 x 

which on using the limit (13.38b gives (12.8b . 

To prove the identity (12.9b . first we will show that for v > — 1 and z G C we have 


(3.39) 


22''r(v + i)r(v+2) 


,-2v 


IV,n 


(22'+1) „>i 

To deduce the above Hadamard factorization of Wy, it is enough to show 

22''r(v + i)r(v+2) 

Z l't'vtV41 = 

«>i 


(3.40) 


( 2 v + l) 


^ •W2;(v^)=n(i-^ 
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Now, by using the power series representation (fTTT i. we have 

22vr(v + i)r(v+2) __ 1 , V (-ir(2v+4« + i)r(v+i)r(v+2)z2" 

(2v+l) ’ „^jn!r(v + n + l)r(v + 2n + 2)24''(2v + l)' 

This is an entire function of growth order ^, since 


lim 


nlogn 


logr(w + 1) + logr(v + w + 1) + logr(v + 2« + l) + log r(f+l^rfv+ 2 ) ~ l°g(2v + 4w + 1) ^ 


where this limit follows easily on considering the limit 


\ogT{an + b) 

hm---= a where a,b> 0. 

«->“> nlogn 


By applying Hadamard’s Theorem insp. 26] it follows that (13 .401 i is indeed valid and consequently we get ( 13.391 1. 
Now, we use the formula (13.351 1 and we get 


©3 = Y —i—-— A- = lim 

n>l"n^k “ K,k 


1 ir;(x) 1 
4x3 


1 


lim 


(x) {ytk- x‘^)+ 4x3#;, (x) 


which on applying the Bernoulli-L’Hospital rule two times gives 


©3 = 


1 


lim 


3 #;"(x) 


8^ [x #"vW. ’ 


Logarithmic differentiation of (13.391 1 gives 


it;(x) _ ^ ^ 


4x3 


Now, using the following derivative formulas which follow easily from (11.21) . we obtain that 
#;'(x) = 2''r(v + l)r(v + 2 )x- 2 v -2 [xWlix) - (2v + l)lTv W] 

and 

#;"(x) =2''r(v + l)r(v + 2)x-2''-3 [x2it;(x)-(4v + 2)x1T;(x) + (2v + 1)(2v + 2)1TvW] , 
from which we get 


©3 = 




vM 


2v + 5+^ 


4rf 


vM 


V4 _y4 

n>\ iV,n 


This complete the proof of the equation (12.91 ). 
Proof of Theorem|6j Again using (11.21 ) we have 


4z4 


Y^/Yt,n ^ _4 Y" Y" £L = _4 V ( V — 1 7'^“ 

m>l \h>1 / 


-4m 


(z) _ _ ^ ^ ^ 

^v(z) “ „ri ^ 14 m 


1 


„>1 lv,n 

which is valid for |z| < Yv.i and v > — 1. Hence the conclusion follows. 
Proof of Theorem |7j The infinite product representation (11.21) yields 


log ^X ^ Wv (^ 


: y _ I _ 

X _'y4 

n>\-^ /v,H 


This gives 


U,v{x) l4,n-^ 


16V(AI + 1)3 (v+1)3 


> 0 , 


□ 


□ 


and hence on differentiating m times we get 

4"‘hr\=V ( _ 

for all m £ N, /r > V > — 1 and x £ [0,}4 j). Here we used the monotonicity of zeros of cross-product of Bessel 
functions IT], namely v Yv,n is increasing on (—l,oo) for n £ N fixed. Therefore, for all n,m £ N, /r > V > — 1 
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and x£ [0, j), we have (x — < (v — consequently the above inequality follows. Since 

is increasing on [0, yj j) for all /i > v > — 1 and in view of (12.131) . (0) = 0 we obtain that v W>/^,v(o) = o. 

Therefore (x) is absolutely monotonic on [0, y^ j) for all /r > v > — 1. 

Now, consider 


hv{x) = 


log 


;(;T + lgl6(v+l)3 


Wyi^) 

Therefore by differentiating m times we have 

/iW(x)=i: 


1 


16(v+1)3 


n>l IV 




?! 


>0 


n>l (l^.n 

for all m G N, V > — 1 and x G [0, y^ j). Hence hy is increasing on [0,y^ j) for all v > — 1 and in view of (I2.131 I. 
hy (0) = 0 we obtain that hy{x) > hy (0) = 0. This proves the absolute monotonicity of x i—>■ /ly (x) on [0, y^ [) for 
allv>-l. 

Finally, by using the fact that the exponential of a function having an absolutely monotonic derivative is abso¬ 
lutely monotonic, we conclude that x i—>■ y (x) and x^ qy (x) are absolutely monotonic on [0, y^ j). □ 

Proof of Corollaryl^ Since x i— qv{x) absolutely monotonic on [0,y^ j), it is increasing. Therefore from (11.21) 
we get 

qv{x) > qy{0) = 22''r(v + l)r(v + 2), 

which implies that 


Wi^) < 




22vr(v-i-i)r(v-f2)' 

Hence by changing x to x^ we get the required inequality. □ 

Proof of Theorem|8j a & c. To prove the inequality (12.211) . it is enough to establish the following inequality 

1 — x2 8 

^v(x) > -- ~ for all |x| < — 

^ ' - 1+X^ ' ' “ UyX 

Taking into account the infinite product representation (11.3b . we have that 


(3.41) 

where 


^y(x(Xyl'^ — 


2 r 


1 — X' 

1 -|-x2 . 


(1 -fx^) lim Fy^„{x) 


FvAx) = 111- 

k=2 \ ^v.k 


Making use of the principle of mathematical induction we show that the following inequality 


(3.42) 


(1 -|-x^)/v ,i(x) > 1 -f 


X^tty 1 

OJy.n 


is valid for all v > — 1, n > 2 and |x| < For n — 2, the inequality (13.42b follows from the assumption in the 
statement of the theorem. Namely, we have 


(1 -|-X^)Fy 2 (x) — ( 1 -(- 


■T^OCv.l 

«y,2 


= ^- (‘Pv(l)-«y iX^) >0. 


'v,2 


Now, let us assume that the inequality (13.42b holds for some m>2. Therefore 


(1 -|-X^)Fy,m-|-l (v) — ( 1 -|- 


X^tty 1 
^V,m+1 


= (1 +X^)Fv^m{x) 1 - 


> 1 + 


X^ay 1 
CCy in 


x^' 

2rv2 


- 1 


1 -- 


X a 


'V,l 


a. 


*^2 * - — OCy iX^) > 0. 


v,m+l 
2 ^2\ 


- 1 + 


X^tty 1 
^v,m+l 

X^ay 1 
^v,m+l 
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Hence, by the principle of mathematical induction, inequality (13.421) holds for all n>2. Now taking limit °° 
in (13.42b we get 


lim(l +x^)Fyn{x) > lim 

>00 ’ H—^00 



A^av.i 


= 1 , 


which in view of (13.41b gives the inequality (12.20b . 

To prove the inequality (12.22b . similar to the part a, it is enough to prove the inequality 

^v{x) > \^ for all |x| < 

^ - l+x4 ' ' - 7v,i 


Now using (11.2b . we have 


(3.43) 

where 


^v(-^7va) = 


.4 r 


1 — x‘ 
l+x4 L 


(1 + x"^) lim Gv,„(x) 


Gv,nW = n 1-' 


k=2 




Using the principle of mathematical induction we show that the inequality 


(3.44) 


(1 +X^)Gv,n(x) > 1 + 


^Vv,l 

y2 

IV Jl 


holds for all V > — 1, n > 2 and |x| < For n = 2, (13.44b follows from the assumption of the theorem. That is, 
we have 

(1 +x'^)Gv,2(4c) - f 1 + (^v(l) - rt.lX^) > 0. 

v Tv ,2 / Tv ,2 

Now, let us assume that the inequality (13.44b holds for some m > 2. Therefore 


(1 +x‘^)Gv,m+l{x) - 


^V,w?+1 / \ ^v,m+l / \ ^v,w?+l / 


> 1 


y2 

iV.m 


1 - 




t. 


- 1 + 


^fv. 


V,1 


ty2 

' V.l 


V,m+1 

4 „4\ 


Tv,m+1 _ 


^—^4-(nv(m) - 7^ ix^) > 0. 

V,mTv.m+l 


Tv,mTv,m+l 

Consequently, by the principle of mathematical induction, inequality (13.44b holds for all n>2. Now taking the 
limit n —00 in (13.44b we get 


lim (1 +x‘^)Gv.n{x) > lim ( 1 + 


x%,' 

y2 

lv,n 


= 1 , 


which in view of (13.43b gives the inequality (12.22b . 

b. Since the functions appear in the inequality (12.21b are even in x, it is enough to prove the inequality (12.21b 
for X S [0, Ctv.i )■ Let us define a function 0v : [0,0Cv,i) —)► M by 


0vW 


3«v.i 


log^vW, 
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which in view of (I2.12I) , (12.151) and (I2.18I) yields 

4xal^ 


0vW = - 


8(v + l) 

4 - 


= -2x772 (v)- 

2i?2(v) 


a 


V,1 


- x^ X 


va m>l 

2 I J 


L ^2m(v). 


Jim 


x{alx +x2) 
2t72(v) 

x(a^x +x2) 
1 


(«V.l +'^^) , .2m 


2 2 
ay l.V^- 


a, 


V,1 


m(v) 


L V2m(v). 


Jim 


m>l 


+ 


miv) 

2J72(v) 


L ^2m(v). 


.lm-\-l 


y.lm+1 


m>l 


m>0 ^v.l 


lm—1 


> 


> 


> 


x(a2 I +x2) 

2j?2(v) 

x(a^j +x2) 

2t72(v) 

xiccj +xj 

2j?2(v) 

■*(«v,l +xj 

2t72(v) 

x(a^ j +x2) 

2t72(v) 

x(a^ j +x2) 

2j?2(v) 

x(a^ j +x2) 


a, 


v.i 


m(y) 

L 

m>l 


E ^2m(v). 


^2m 


m>l 


m(y) 


E V2m-2(y)x^'" - E 


v2m 


m>l 


2m—4 


m>2 ^v,l 


a, 


;a^2m(v) r\2m-2{y) 1 


^2m 


m(y) m{y) 


E 

m>l 


m>l 


'2a2^2m(v) 

m(y) 


1 


a 


^2m 


2m—4 
V,1 , 


2m—4 


a 


'V,l 


2m—4 


2a-fa2"}r]2m(y}-r]2(y) 

, V2(y)a^" 

'2a-^-ri2(v)\ 


■Jlfn 


^2 \ m(y)c(Ji J 


El 

m>l 


8(v+l) -2 1 ' 

3 ‘^v,l ^ 


a 


2m—4 

’v,l 


8-V 


2m 


^2m 


^2m 


^2 V9(v+2X;1 


2m—4 


> 0 . 


Here in last inequality we have used the upper bound for the smallest positive zero of the Dini function (see lfT4l p. 
11] with a + V = 1) 


2 2 
<1 =xt < 


4(a +v + 2)(v + a)(v + l)(v + 2) 
(a +v)2 + 4a + 8v + 8 


12(v4-l)(v + 2) 
13+4V 


Therefore for v G (—1,8), the function (j)v is increasing on [0,0Cv,i) and hence (j)v (x) > (j)v (0) = 0 and consequently 
the inequality (I2.211 i holds. 

Now, by using the L’Hospital rule, (12.12b and (13.36b . we have the limit 


lim ■ 

x-^0 , 


log^v(2c) 


log 


,+.G 


= lim 


%{x) 


3 a! 


V,1 


X —^-O 


4xa2 j 


8(v + l) 


This implies that indeed the constant my is best possible. 

d. Similar to the proof of part b of this theorem, it is enough to prove the inequality (12.23b for x G [0,7v,i). Let 
us define a function <I>v ^ [0i 7v,i) —>■ K by 


Ov(x) 


<1 

32(v+1)3 


log#;(x), 
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which on using (I2.13t , (I2.161 > and (I2.19t gives 


<i>'v(^) = - 


32(v+1)3 7^i-x 8 irv(x) 


-4x3C4(v)-- 


4C4(v) 

xiiix 

4C4(v) 


ts-- 

«r 


- E C4„,(V). 


Am 


m> 1 


C4(V) ^>1 

<1 

C4(V) 


EC4,„(v)x4“- ^,1 




4 4 

7v.l4:^ 


E C4™(V). 


.4/7? 


+ 


C4(V) 


E C4,„(V). 


A^+4 


m> 1 


m>2 

^4m+4 

E a 

«,4m—4 
m>0 M/.l 


> 


> 


> 


4C4(v) 

47^,1+^') 

4C2(v) 

x(7^ j +x4) 

4C4(v) 

x(7^ 1 +x4) 

4C4(v) 
x(7^ 1 +x4) 

4C4(v) 

x(7^ 1 +x4) 

4C4(v) 

x(7^ 1 +x4) 

4C4(v) 

x(7^, +x4) 


7^.1 


E C4«,(V). 


^4m 


v.4m 


C4(v) „>2 

7v,lC4m(v) l^4„,_4(v) 1 


^ E C4.-4(v)x-- E ^ 

^41'^/ m>2 m>2 /v,l 


E 

m>2 

E 

m>2 

E 

m>2 

E 

m>2 

E 

m>2 


^4m 


C4(V) C4(V) 

'2y^_lC4m(v) 1 




n—8 


C4(v) 

'27v;t7^"iC4'«(^)~C4(v)\ 


4m-8 


Mv)7Z 

' 2yA-C4(v) \ 

, C4(v)7^;r' I 

-4 




^4m 




j^4m—8 I 

■32(v+1)37A-1 


4m 


,,4m-8 

^V,l 

V — + 14 


^4m 


.A}71 — S 


> 0 , 


.«^2 V(''+4)('' + 5)7v;i 

where the last inequality follows by using the upper bound given in (12.171 1. Therefore for v G (— 1, r), the function 
Ov is increasing on [0,7v,i). This implies that 't>v(x) > <t>v(0) = 0 and hence the inequality (12.231) holds. 

Now using the L’Hospital rule, (12.131 ) and (13.351 ). we have the limit 


log#"v(2c) ,. ■^'^“7^.1 

hm-^ = hm ■ 


7^.1 


jc-s-O , 


log 


^^0Wy{x) 8X^)4 j 


32(v+1)3 


This implies that indeed the constant riy is best possible. 


□ 


Proof of Theorem|9j Since all the functions appear in the inequality (12.241 ) are even in x, it is enough to prove the 
inequality (12.241) forx G (0,r) for any given r G (0,°°). Let us define a function Qy : (0,r) —K by 


Qv{x) = 


log Ay (x) ^ /(x) 

log(A^) ~ six)' 


Making use of the infinite product representation (11.41 ). we obtain 


f'jx) _ 1 
g'{x) 2r^ ^ 


4 4 

r —X 


n>l ^V,n ~^X^ 


Now, it is not difficult to verify that each term of the above series is decreasing on (0, r) as a function of x. Thus, 
X I—is decreasing on (0,r) and consequently with the help of monotone form of L’Hospital’s rule ||2] Lemma 
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2.2], we conclude ihsLtx i—2v(-^) is decreasing on (0,r). Moreover, 


a = limgv(x) < Qv{x) < limgvW = P- 

x^r jt^O 


This completes the proof of (12.24k 


□ 


Proof of Theorem [TOl In order to prove the inequalities (12.281) and ( 12.29k it is enough to consider the case x S 
(0, Jv.i) as all the functions appear in (12.28b and (12.29b are even in x. Define a function ky : [0, yV,!) —R by 


ky{x) =10g_/'vW-10g 


'Jv,\ 


Now we recall Kishore’s formula OS 


X Jy+\{x) _ Y' {2m) 2m 
2 M-) “mtl ' 

y' (x) 7-1-1 (x) 

which in view of the identity y ‘^an be rewritten as 

^ a^vi^c) _ „(2m) 2m 

2^v(x) '' ■ 

Therefore on using the above equation for ky (v) we have 

yjx) , 4Vv,i 


ky{x) = 


</v(x) Ova+x2)0va-x2) 


- V ^(2'«)^.2m I 

X + 2 , ^2 


Jim 


m>l 


:2m 


u I z ^ i^m 
Jy Y -rX Jy Y 


xOv.l +-*0 
2 

xOv.l +-*0 
2 

xOv.i +-*0 

2 


-0va+^')E4"'”’^"'” + 2E^ 


„2m+2 


m>l 


:2m 
m>0 7v,l 


(2-/va4^’) - L E (Trv'”+2+2 u 


.2m+2 


m>2 


m> 1 


.MM :2m 
m>l 7v,l 






4(v+i); ^2\jJ, 

8(v+l)-7^a\ V /(l-;2”|(T(2m)) + (i_^-2m-2^(2m-2))' 


4(V + 1) 


E 

m>2 


..2m 


•2m—2 
7v,l 


xOv.l +-*0 

> 0 , 

where v > Vq. Here we have used Lemma |2] and the left-hand side of Rayleigh inequality (12.27b . Therefore the 
function ky is decreasing on [0,av.i) for all v > Vq. Consequently A:v(x) < ky{Q) = 0 and hence the inequality 
(12.28b follows. 

Now, taking into account of the inequality (12.28b . the following inequality ||5] Theorem 3] 

[jy+i{x)y^>[jyix)y\ 

which is valid for all v > — 1 and x G {—jy.ijy.i ) gives 


^v+i(x) 

</v(x) 


>[^v(x)]^-‘ = 


> 


' -2 I ^2 \ V+1 




Hence the inequality ( 12.29b is indeed true. 


□ 


Proof of Theorem[TTl Let v > 

(3.45) Av(x) = - 


— 1 and 0 < |v| < av.i- Then first we prove the following identity 
2(V+1) <i-x2 ,4(v-fl)^, 


where A„, = ^ Tj 2 m+ 2 (v) - mjv). 
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To prove (13.45b . we appeal to the equations (12.12b and (12.18b to obtain 


Av{x) = 


4{v + l)ali-x^ f xS>[,{x) 

2^v{x) 

1 ®^v.l \ 2m 

-TT-- L n2m{v)x 

TJ2(V) x2 > 


m>\ 


a. 


v.i 


m(v} 


V2(v)+Yi mm(v)x- 


.2m—2 


m>2 




E ^2m{v). 


2m 


«v,l 


’72(v) 


E («v.l^2m+2(v)-t72m(v))x' 


2m 


= a 


2 , 4(v+l) 


V,1 




^2m 


m> 1 


Now, for a given N gN, let us consider 


1 (Av(x)-al, 
£/{x) = ^ I > V.I 


y2«+2 


which in view of (13.45b can be rewritten as 


■S^ix)= E 

m>n+l 


4(v+l) 

3 


2m—2n—2 


-E^" 

m=l 


J2m 


= A„+i+„x^"‘. 

m>0 


Taking into account the right-hand side of (12.15b . A„ < 0 for all n G N and consequently from the above expression, 
x^ £/{x) is strictly decreasing on (0, Ctv.i )> which implies that 

a = lim £!^(x) < si/ {x) < lim £/ {x) = b, 
where b —A„^i and in view of the limit lim^^^- Av{x) = we have 


'V,l 


1 


a = 


1_4^-E^mav'";' 

«2«+2l 4(V + 1) ,t, 


This completes the proof. 

Proof of Theorem [121 Let V > — 1 and 0 < | 2 i:| < 7v,i. Then we need to prove the identity 

mx) 


□ 


(3.46) 


Bv(x) — —4(v -(- 1)3 • 


— 7 v,l + 16(v + 1)3 E 


.4m 


^vW ^>1 

where = 7^ 1 C 4 m+ 4 (v) — C4m(t')- In order to prove (13.46b . we use the equations (12.13b and (12.19b and obtain 


By{x) = 16(v+1)3- 

1 7^,1-' 


Yt.l-X"^ f XWy{x) 






C4(v) 

7^,1 


E C4,«(V). 


^4m 


C4(V)+ E C4„,(v)x‘ 


.4m—4 


m>2 


C4(V) 


C4(V) 

^v.l + ^ (^V,l C4m+4(v) - C4m(v)) 

b4( Vj 

7v,l + 16(v + 1)3 E ^mX 

m>\ 


E C4m(v). 


4m 


m>l 


.4m 


Now, for a given N G N, consider 


Mx) - ^ i- T B 

■^W-^„+4l i6(v+l)3 h 


J^m 
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which in view of (I3.46I) can be rewritten as 

^{x)= ^ 

m>n+\ m>0 

Using the right-hand side of (12.161) . < 0 for all n G N and hence from the above expression, x i— S§(x) is strictly 

decreasing on (0, 7v,i )■ From this we obtain 

r = lim ^^{x) < £^{x) < lim ^{x) = s, 


where s = B„+i and by taking into account of the limit lim^^^-^ By{x) = 16(v -I- 1)3, one has 


This completes the proof. 


,,4j7+4 

fv.l 


1 - 


<1 


- E 


16(v+1)3 


m=l 


□ 
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